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TORUS ACTIONS AND THE HALPERIN-CARLSSON
CONJECTURE
YOSHINOBU KAMISHIMA AND MAYUMI NAKAYAMA
Abstract. We give an affirmative answer to the Halperin-Carlsson con-
jecture for the homologically injective torus actions on closed manifolds.
This class contains holomorphic torus actions on compact Ka¨hler man-
ifolds, torus actions on compact Riemannian flat manifolds.
1. Introduction
Recently the real Bott tower and its generalization have been studied by
several people ([6], [13], [18], [15],[12]). A real Bott manifold is originally
defined to be the set of real points in the Bott manifold [9]. Among several
characterizations by group actions, the Halperin-Carlsson conjecture is true
for real Bott manifolds. The Halperin-Carlsson torus conjecture says that
if there is an almost free torus action T k on a closed n-manifold M , the
following inequality holds:
(1.1) 2k ≤
n∑
j=0
bj.
Here bj = rankHj(M ;Z) is the j-th Betti number of M . See [19] for details
and the references therein, see also [10].
Another characterization is that a real Bott manifold M is a euclidean
space form (Riemannian flat manifold) admitting a torus action T k with
k = rankH1(M). It is conceivable whether the Halperin-Carlsson conjecture
holds for compact euclidean space forms more generally.
By this motivation we revisit the classical results of the Calabi construc-
tion of euclidean space forms with nonzero b1 [4] and the Conner-Raymond’s
injective torus actions [8]. In this direction, we shall introduce injective-
splitting action of a torus T k on closed manifolds more generally. Our pur-
pose of this paper is to prove the Halperin-Carlsson conjecture for such torus
actions affirmatively.
Let T k be a k-dimensional torus (k ≥ 1). Given an effective T k-action on
a closed manifold M , the orbit map at x ∈ M is defined to be ev(t) = tx
(∀ t ∈ T k). Put π1(T
k) = H1(T
k;Z) = Zk and π1(M) = π. The map
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2ev induces a homomorphism ev# : Z
k → π and ev∗ : Z
k → H1(M ;Z)
respectively. According to the definition of Conner-Raymond [8], if ev# is
injective, the action (T k,M) is said to be injective. ( Refer to [14, Theorem
2.4.2, also Subsection 11.1] for the definition to be independent of the choice
of the base point x ∈ M .) Classically it is known that ev# is injective for
closed aspherical manifolds [7]. On the other hand, if ev∗ : Z
k → H1(M ;Z),
the T k-action is said to be homologically injective [8]. We have shown
Theorem A. If T k is a homologically injective action on a closed n-manifold
M , then
(1.2) kCj ≤ bj .
In particular the Halperin-Carlsson conjecture is true.
To prove Theorem A we revisit the Conner and Raymond’s work [8]. Then
this is a consequence from injective-splitting torus actions more generally.
See Theorem 2.3. We verify that the following actions are in fact injective-
splitting torus actions.
Corollary B. Every effective T k-action on a compact n-dimensional eu-
clidean space formM is homologically injective. Thus kCj ≤ bj , the Halperin-
Carlsson conjecture (1.1) holds.
We obtain a characterization of holomorphic torus actions originally ob-
served by Carrell [5].
Corollary C. Every holomorphic action of the complex torus T kC on a com-
pact Ka¨hler manifold is homologically injective. In particular, 2kCj ≤ bj ,
the Halperin-Carlsson conjecture holds.
In Section 2, we introduce injective-splitting actions on closed manifolds
and prove our main theorem 2.3. Using this theorem, we show Corollaries
B and C. In Section 3 we shall give a proof concerning the existence of torus
actions common to both the Calabi’s theorem and the Conner-Raymond’s
theorem as our motivation (cf.Theorem 3.2).
Theorem E. A compact n-dimensional euclidean space form M admits a
homologically injective action of T k with k = rankH1(M) in which rankC(π) =
rankH1(M).
2. Injective torus actions
Suppose (T k,M) is an injective action on a closed manifold M . Let M˜
be the universal covering space of M and denote NDiff(M˜)(π) the normalizer
of π in Diff(M˜ ). The conjugation homomorphism µ : NDiff(M˜ )(π)→ Aut(π)
defined by µ(f˜)(γ) = f˜ ◦γ ◦ f˜−1 (∀ γ ∈ π) induces a homomorphism ϕ which
3has a commutative diagram:
(2.1)
1 1 1y y y
C(π) −−−−→ π
µ
−−−−→ Inn(π)y
y
y
CDiff(M˜)(π) −−−−→ NDiff(M˜)(π)
µ
−−−−→ Aut(π)
ν
y ν
y
y
Diff(M)0 ≤ kerϕ −−−−→ Diff(M)
ϕ
−−−−→ Out(π)y y y
1 1 1
(Compare [16].) Here CDiff(M˜ )(π) is the centralizer of π in Diff(M˜ ). As
T k ≤ Diff(M)0, we have a lift T˜ k ≤ CDiff(M˜)(π) to M˜ . Note T˜
k = Rk. For
this, suppose some S1 ≤ T k lifts to S1 (but not R) on M˜ . If p : M˜ → M
is the covering map which is equivariant; p(tx) = tmp(x) (t ∈ S1) for some
m ∈ Z, chasing a commutative diagram
π1(S
1)
ev#
−−−−→ π1(M˜ ) = 1
m·
y p#y
π1(S
1)
ev#
−−−−→ π1(M),
it follows ev#(mZ) = 1. This contradicts the injectivity of S
1 ≤ T k. We
have a lift of groups from (2.1):
(2.2)
C(π) −−−−→ CDiff(M˜)(π) −−−−→ Diff(M)
0 ≤ kerϕx x x
Zk −−−−→ Rk −−−−→ T k.
Since Zk ≤ C(π), letting Q = π/Zk, there is a central group extension:
(2.3) 1→ Zk → π −→ Q→ 1.
Now Rk acts properly and freely on M˜ such that M˜ = Rk ×W where
W = M˜/Rk is a simply connected smooth manifold. The group extension
(2.3) represents a 2-cocycle f in H2(Q;Zk) in which π is viewed as the
product Zk ×Q with group law:
(n, α)(m,β) = (n+m+ f(α, β), αβ).
Let Map(W,Rk) (respectively Map(W,T k)) be the set of smooth maps of
W into Rk (respectively T k) endowed with a Q-module structure in which
4there is an exact sequence of Q-modules [7]:
1→ Zk →Map(W,Rk)
exp
−→Map(W,T k)→ 1.
As Q acts properly discontinuously on W with compact quotient, it follows
from [7, Lemma 8.5] (also [14]):
(2.4) H i(Q;Map(W,Rk)) = 0 (i ≥ 1)
so that the connected homomorphism δ : H1(Q;Map(W,T k))→ H2(Q;Zk)
is an isomorphism. From this, there exists a map χ : Q→Map(W,Rk) such
that δ1χ = f . Then the π-action on M˜ can be described as
(n, α)(x,w) = (n + x+ χ(α)(αw), αw)
(∀(n, α) ∈ π, ∀(x,w) ∈ Rk ×W ).
(2.5)
The action of π may depend on the choice of χ′ such that δ1χ′ = f . However,
the vanishing of (2.4) shows
Proposition 2.1. Such π-actions are equivalent to each other.
Let (T k,M) be an injective T k-action on a closed manifold M which
induces a central group extension (2.3) as above.
Definition 2.2. A T k-action is said to be injective-splitting if there exists a
finite index normal subgroup Q′ of Q such that the induced extension splits;
π′ = Zk ×Q′.
Here is a key result concerning injective-splitting torus actions.
Theorem 2.3. Suppose that a closed manifold M admits an injective-
splitting T k-action. Then the following hold.
(i) kCj ≤ bj. In particular the Halperin-Carlsson conjecture is true.
(ii) The T k-action is homologically injective.
Proof. Algebraic part. (2.3) induces a commutative diagram:
(2.6)
1 −−−−→ Zk −−−−→ π −−−−→ Q −−−−→ 1
||
xι xι′
1 −−−−→ Zk −−−−→ π′ −−−−→ Q′ −−−−→ 1
Here Q/Q′ is a finite group by Definition 2.2. For the cocycle f represent-
ing the upper group extension, it follows ι′∗[f ] = 0 ∈ H2(Q′;Zk) by the
hypothesis. We may assume
(2.7) f |Q′ = 0.
On the other hand, if τ : H2(Q′;Zk)→ H2(Q;Zk) is the transfer homomor-
phism (cf. [3], [2]), then τ ◦ ι′∗ = |Q : Q′| : H2(Q;Zk) → H2(Q;Zk) so that
5[f ] is a torsion in H2(Q;Zk). There exists an integer ℓ such that ℓ · f = δ1λ˜
for some function λ˜ : Q→ Zk. Put λ =
λ˜
ℓ
: Q→ Rk. Then
(2.8) f = δ1λ.
(2.7) shows [λ|Q′ ] ∈ H
1(Q;Rk). Viewed Rk ≤ Map(W,Rk) as constant
maps, [λ|Q′ ] ∈ H
1(Q;Map(W,Rk)) = 0 by (2.4). So there is an element
h ∈ Map(W,Rk) such that λ|Q′ = δ
0h. The equality λ(α′) = δ0h(α′)(w)
(∀ α′ ∈ Q′, ∀w ∈W ) implies
(2.9) h(w) = h(α′w) + λ(α′).
Geometric part. Noting Proposition 2.1, the π-action (2.5) on M˜ is equiv-
alent with
(2.10) (n, α)(x,w) = (n+ x+ λ(α), αw) (∀ (x,w) ∈ Rk ×W ).
Recall that π has the splitting subgroup π′ = Zk × Q′. Obviously we
have the product action of Zk×Q′ on Rk×W such that Rk×W/Zk×Q′ =
T k×W/Q′. Define a diffeomorphism G˜ : Rk×W → Rk×W to be G˜(x,w) =
(x + h(w), w). Using (2.9), it is easy to check that G˜ : (π′,Rk × W ) →
(Zk × Q′,Rk × W ) is an equivariant diffeomorphism with respect to the
action (2.10) and the product action. Putting Rk ×W/π′ = T k ×
Q′
W as a
quotient space, G˜ induces a diffeomorphism G : T k ×
Q′
W → T k×W/Q′. Let
q : T k ×W → T k ×
Q′
W be the covering map (q(t, w) = [t, w]). Then
(2.11) G ◦ q(t, w) = G([t, w]) = (t exp 2πih(w), [w]).
Noting (2.10), π induces an action of Q on M˜/Zk = T k ×W such that
(2.12) α(t, w) = (t exp 2πiλ(α), αw) (∀ α ∈ Q).
F = Q/Q′ has an induced action on T k ×
Q′
W by αˆ[t, w] = [t exp 2πiλ(α), αw]
(∀ αˆ ∈ F ) which gives rise to a covering map:
(2.13) F → T k ×
Q′
W
ν
−→ T k×
Q
W =M.
For any α ∈ Q, consider the commutative diagram:
(2.14)
Hj(T
k ×W )
α∗−−−−→ Hj(T
k ×W )yq∗ yq∗
Hj(T
k ×Q′ W )
αˆ∗−−−−→ Hj(T
k ×Q′ W )
in which Hj(T
k) ⊗ H0(W ) ≤ Hj(T
k × W ). By the formula (2.12), the
Q-action on the T k-summand is a translation by exp 2πiλ(α) ∈ T k so the
homology action α∗ on Hj(T
k)⊗H0(W ) is trivial. If Hj(T
k ×
Q′
W )F denotes
6the subgroup left fixed under the homology action for every element αˆ ∈ F ,
it follows
(2.15) q∗(Hj(T
k)⊗H0(W )) ≤ Hj(T
k ×
Q′
W )F .
Using the transfer homomorphism ([2, 2.4 Theorem, III], [3]), ν of(2.13) in-
duces an isomorphism: ν∗ : Hj(T
k ×
Q′
W ;Q)F −→ Hj(M ;Q). In particular,
ν∗ : q∗(Hj(T
k;Q)⊗H0(W ;Q))→ Hj(M ;Q) is injective.
On the other hand, let q′ : W → W/Q′ be the projection q′(w) = [w].
Define a homotopy Ψθ : T
k ×W → T k ×W/Q′ (θ ∈ [0, 1]) to be
Ψθ(t, w) = (t exp 2πi(θ · h(w)), [w]).
Then Ψ0 = id× q
′ ≃ G ◦ q from (2.11). As G∗ ◦ q∗ = id × q
′
∗ : Hj(T
k;Q) ⊗
H0(W ;Q) → Hj(T
k;Q) ⊗H0(W/Q
′;Q) is obviously isomorphic, it implies
that q∗ : Hj(T
k;Q) ⊗ H0(W ;Q) −→ Hj(T
k ×
Q′
W ;Q) is injective. If p =
ν ◦ q : T k ×W →M is the projection, then p∗ : Hj(T
k;Q)⊗H0(W ;Q) −→
Hj(M ;Q) is injective.
As p : T k×W →M is T k-equivariant, letting p(1, w) = x ∈M , it follows
p(t, w) = tx = ev(t) (∀ t ∈ T k). Define an embedding e˜v : T k → T k ×W to
be e˜v(t) = (t, w). Obviously e˜v∗ : Hj(T
k;Q)→ Hj(T
k;Q)⊗H0(W ;Q) is an
isomorphism. Since p ◦ e˜v(t) = ev(t), chasing a commutative diagram:
(2.16)
Hj(T
k;Q)
e˜v∗−−−−→ Hj(T
k;Q)⊗H0(W ;Q)
ev∗ ց ւ p∗
Hj(M ;Q)
ev∗ : Hj(T
k;Q) → Hj(M ;Q) is injective. As Hj(T
k;Z) has no torsion,
ev∗ : Hj(T
k;Z) → Hj(M ;Z) turns out to be injective. This proves (i)
kCj ≤ bj . In particular, ev∗ : Z
k → H1(M ;Z) is injective for j = 1, i.e. the
T k-action is homologically injective by the definition. This shows (ii). 
Any homologically injective action is obviously injective. Theorem A is
obtained from the following corollary.
Corollary 2.4. If T k is a homologically injective action on a closed manifold
M , then kCj ≤ bj. Thus the Halperin-Carlsson conjecture is true.
Proof. The proof is essentially the same as [8, 2.2. Lemma]. Let 1→ Zk →
π −→ Q → 1 be the central group extension. As ev∗ : H1(T
k;Z) = Zk →
H1(M ;Z) = Z
ℓ⊕F is injective, ev∗(Z
k) ≤ Zk such that ev∗(Z
k)⊕Zℓ−k ≤ Zℓ.
If q : π → H1(M ;Z) is a canonical projection, then π
′ = q−1(ev∗(Z
k) ⊕
Zℓ−k ⊕ F ) is a finite index normal splitting subgroup of π. 
Remark 2.5. As a consequence of this corollary and (ii) of Theorem 2.3,
injective-splitting action is equivalent with homologically injective action.
7Let (M,g) be a 2n-dimensional Ka¨hler manifold with Ka¨hler form Ω.
Corollary 2.6 ([5]). Every holomorphic action of a complex torus T kC on a
compact Ka¨hler manifold manifold (M,Ω) is homologically injective. Thus
the Halperin-Carlsson conjecture holds.
Proof. Averaging the Ka¨hler metric by T kC, we may assume that T
k
C acts
as Ka¨hler isometries on M . T kC induces the Killing vector fields ξi, Jξi on
M (i = 1, . . . , k). Note that each ξi is a non-vanishing vector field by the
maximum principle. In fact, ifG is the connected component of the stabilizer
of T kC at x ∈ M , then the action induces a holomorphic representation
ρ : G→ GL(n,C). As G is compact, ρ is trivial so that G = {1}.
Put θi = ιξiΩ and θi+k = ιJξiΩ (i = 1, . . . , k). By the Cartan formula,
dΩ = 0 implies dθi = 0 (i = 1, . . . , 2k). We have 2k-number of 1-cocycles
[θi] ∈ H
1(M ;R). As ev(t) = t · x ∈ M , it follows ev∗((ξi)1) = (ξi)x. Since
ev∗θi((ξk+i)1) = Ω((ξi)x, (Jξi)x) = g(ξi, ξi) > 0 on T
k
C , ev
∗ : H1(M ;R) →
H1(T kC ;R) is surjective. So ev∗ : H1(T
k
C;Z)→ H1(M ;Z) is injective. 
For example, any holomorphic action of T kC on a compact complex eu-
clidean space form is homologically injective. Recall that any effective T s-
action on a closed aspherical manifold is injective. We prove Corollary B.
Theorem 2.7. Any effective T s-action on a compact euclidean space form
M is homologically injective. Thus the Halperin-Carlsson conjecture is true.
Proof. Given a T s-action for some s ≥ 1, there is a central group extension:
1 → Zs → π = π1(M) −→ Q → 1. Since π has a unique maximal normal
finite index abelian subgroup Zn (cf. [20]), it follows Zs ≤ Zn. Q has a finite
index subgroup Q′ = Zn/Zs ∼= G× Zn−s where G is a finite abelian group.
The inclusion ι : Zn−s → Q′ induces a group (extension) A of finite index
in Zn. As A is isomorphic to Zs × Zn−s, A is a finite index normal splitting
subgroup of π. The T s-action is injective-splitting so apply Theorem 2.3. 
3. Calabi construction and torus actions
In [8, § 7], Conner and Raymond have stated that the Calabi’s theorem [4]
shows the existence of a T k-action with k = rankH1(M ;Z) > 0. We agree
the existence of such actions in view of the Calabi construction. However
when we look at a proof of the Calabi’s theorem ([20, p.125]), it is not
easy to find such T k-actions. In fact, let ν : π → Zk be the projection
onto the direct summand Zk of H1(M ;Z). Then there is a group extension
1 → Γ → π → Zk → 1 in which Γ is the fundamental group of a euclidean
space form Mn−k = Rn−k/Γ. In general an element γ ∈ π has the form([
a
b
]
,
(
A B
0 I
))
(a ∈ Rn−k, b ∈ Rk).
The holonomy group L(π) = {
(
A B
0 I
)
} does not necessarily leave the
subspace 0 × Rk invariant. (In particular, Zn ∩ (0 × Rk) is not necessarily
8uniform in 0 × Rk.) So we have to find another decomposition to get a
T k-action on M .
Lemma 3.1. Let π be a Bieberbach group such that rankπ/[π, π] = k >
0. Then there exists a faithful representation ρ : π → E(n) such that the
euclidean space form Rn/ρ(π) admits an effective T k-action.
Proof. By the hypothesis, there is a group extension 1→ Γ→ π
ν
−→ Zk → 1.
Since π is a Bieberbach group, it admits a maximal normal finite index
abelian subgroup Zn. Put ν(Zn) = A. Consider the commutative diagram
of the group extensions:
(3.1)
1 −−−−→ Γ
ι
−−−−→ π
ν
−−−−→ Zk −−−−→ 1x x x
1 −−−−→ Γ ∩ Zn
ι
−−−−→ Zn
ν
−−−−→ A −−−−→ 1.
Since π/Zn
νˆ
→ Zk/A is surjective, A is a free abelian subgroup of rank k.
By the embedding ιˆ : Γ/Γ∩Zn ≤ π/Zn, Γ∩Zn is a finite index subgroup of
Γ. It follows easily that Γ ∩ Zn is a maximal normal abelian subgroup of Γ.
We may put Γ ∩ Zn = Zn−k so that Zn = Zn−k × A. Putting Q = π/Zn−k
and F = Γ/Zn−k is a finite group, we have the group extensions:
(3.2) 1 −−−−→ Zn−k
i
−−−−→ π
µ
−−−−→ Q −−−−→ 1,
where
(3.3) 1 −−−−→ F
ιˆ
−−−−→ Q
νˆ
−−−−→ Zk −−−−→ 1
is also a group extension. Consider the commutative diagram of group
extensions:
(3.4)
1 −−−−→ Zn−k
ι
−−−−→ π
µ
−−−−→ Q −−−−→ 1
||
x xι′
1 −−−−→ Zn−k
ι
−−−−→ Zn
µ
−−−−→ B −−−−→ 1
where we put B = µ(Zn). As νˆ(B) = ν(Zn) = A from (3.2), it follows Zn =
Zn−k×B. Thus Zn is a splitting subgroup of π. Since (3.2) is not necessarily
central, let φ : Q → Aut(Zn−k) be the conjugation homomorphism. If
[f ] ∈ H2φ(Q;Z
k) is the representative cocycle of (3.2), then ι′∗[f ] = 0 in
H2(B;Zn−k). Then [f ] is a torsion because τ ◦ ι′∗ = |Q/B| : H2φ(Q;Z
k) →
H2φ(Q;Z
k) still holds for the transfer homomorphism τ : H2(B;Zn−k) →
H2φ(Q;Z
n−k). (Compare [3].) Similarly as in the proof of Theorem 2.3 there
is a function λ : Q→ Rn−k such that f = δ1λ. Note from (2.8) that
(3.5) ℓ · λ(Q) ≤ Zn−k.
Let Zk act on Rk by translations and by (3.3) νˆ : Q→ Zk ≤ E(k) defines
a properly discontinuous action of Q on Rk;
α(w) = νˆ(α) + w (∀ α ∈ Q, ∀w ∈ Rk).
9As in (2.5) we have a properly discontinuous action of π on Rn = Rn−k×Rk:
(n, α)
[
x
w
]
=
[
n+ φ¯(α)(x) + λ(α)
νˆ(α) + w
]
=
([
n+ λ(α)
νˆ(α)
]
,
(
φ¯(α)
Ik
))[
x
w
]
.
Since φ|B = id from (3.4), the image φ(Q) is finite in Aut(Z
n−k) which im-
plies φ(Q) ≤ O(n−k) up to conjugate. As π is torsionfree and acts properly
discontinuously, we obtain a faithful homomorphism ρ : π → ρ(π) ≤ E(n)
defined by
(3.6) ρ(n, α) =
([
n+ λ(α)
νˆ(α)
]
,
(
φ¯(α)
Ik
))
.
Therefore we have a compact euclidean space form Rn/ρ(π).
We prove that Rn/ρ(π) admits a T k-action. Noting (3.5), we define a
subgroup of Zn by
(3.7) B˜ = {(−ℓ · λ(β), ℓ · β) ∈ Zn |β ∈ B}.
It is isomorphic to B ∼= Zk. As φ|B = id,
(3.8) ρ(−ℓ · λ(β), ℓ · β) =
([
0
ℓ · νˆ(β)
]
, In
)
∈ 0× Rk.
Thus ρ(B˜) is a translation subgroup with rank k:
(3.9) ρ(B˜) ≤ (0× Rk) ∩ ρ(π).
Since (0×Rk)/ρ(B˜) is compact, so is (0×Rk)/(0×Rk)∩ ρ(π). We may put
(0 × Rk)/(0 × Rk) ∩ ρ(π) = T k. Moreover, from (3.6) a calculation shows
that
(3.10) ρ(n, α) ·
([
0
y
]
, In
)
=
([
0
y
]
, In
)
· ρ(n, α),
i.e. each y ∈ Rk centralizes ρ(π);
(3.11) 0× Rk ≤ CE(n)(ρ(π)).
Let Isom(Rk/ρ(π))0 denote the identity component of euclidean isometries
of Rk/ρ(π). From (3.11) we have the following covering groups (cf. (2.2)):
1 −−−−→ C(ρ(π)) −−−−→ CE(n)(ρ(π)) −−−−→ Isom(R
k/ρ(π))0x x x
1 −−−−→ (0×Rk) ∩ ρ(π) −−−−→ (0× Rk) −−−−→ T k
Hence Rk/ρ(π) admits a T k-action. 
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When the center C(π) of π = π1(M) for a closed manifold M is finitely
generated, rankC(π) denotes the rank of a free abelian subgroup. Re-
call from [17] that an effective T s-action on M is said to be maximal if
s = rankC(π). If M is a closed aspherical manifold admitting an effective
T s-action, then s ≤ rankC(π) (cf. [7]). Let M be a euclidean space form
M = Rn/π. If C(π) has rank k, then it is easy to see that M admits a
T k-action. In particular, rankC(π) ≤ rankH1(M ;Z) by Theorem 2.3.
The Bieberbach theorem implies thatM is affinely diffeomorphic to Rn/ρ(π).
Combined Lemma 3.1 with Theorem 2.7, we obtain
Theorem 3.2. Let M be a compact n-dimensional euclidean space form
with rankH1(M ;Z) = k > 0. Then M admits a homologically injective
T k-action. In particular, rankC(π) = rankH1(M ;Z).
Acknowledgement. We thank Professor M. Masuda who called our at-
tention to the Halperin-Carlsson conjecture.
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